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Overview
Introduction
The present report gives a short summary of the research of the Simulation in Technology department (Lehrstuhl für
Technische Simulation) of the University of Heidelberg from 1999-2006. Simulation in Technology aims at developing
and applying methods and tools for the simulation of processes from science and technology. In particular fast solvers
for partial differential equations (i.e. pde) such as robust, parallel, and adaptive multigrid methods are developed .
These methods allow very large problems to be solved.
In October 1998, 13 researchers moved from Stuttgart to Heidelberg to form this new department. In Stuttgart the
group formed the division “Numerics for Supercomputers” of the Institute for Computer Applications and did research
and development of methods for solving typical engineering problems from computational fluid dynamics, structural
mechanics and groundwater hydrology. The main focus was on the development of the simulation environment ⋲,
which is the first and up to now only parallel and adaptive multigrid solver for general models based on partial differential equations (pde).
In Heidelberg, the group now is called Simulation in Technology (SiT). Besides continuing the work from Stuttgart, we
have now added new topics from biology and environmental science. In the last five years, SiT ran a total of 27 projects
dealing with the simulation of a very wide variety of application problems, simulation methods and tools.
From 1999-2006, the research focused on applications from the following areas:
A1

Computational Pharmacy: Diffusion of xenobiotics through human skin.
As early as 1993, we researched diffusion through human skin and predicted diffusion pathways from our simulations. To match experimentally measured data, we had to postulate new diffusion pathways which were not in
accordance with traditional assumptions. When we presented the model in 1993 on the annual conference of
the “Controlled Release Society” in Washington D.C., the paper was awarded a prize as the best paper of the
conference. The results were published; however, pharmacists still kept to their old assumptions on diffusion
pathways. In 2003, however, a group from MIT was able to confirm our results experimentally. This shows that
simulation is playing an increasingly important role in biosciences as well. More details can be found in Project
A1.

A2

Computational Neuroscience: Reconstruction of neuron geometries and signal processing in neurons.
In October 2002, we started a co-operation with Prof. Bert Sakmann from the Max-Planck Institute for Medical
Research. The aim of the co-operation is to simulate signal transduction and signal processing in a cortical column. In a first step, we developed the tool NeuRA for the automatic reconstruction of neuron geometries from
microscopic scan data, thus allowing in-vivo measurements and reconstruction. Results for some benchmark
problems tend to show structures comparable to the ones reconstructed manually from in vitro data. Further
tools have been developed to model the connectivity and to generate an artificial column. For details, see
Project A2.

A3

Mathematical Finance: High-dimensional option pricing problems.
We have developed a novel approach to computing the fair price of options on baskets. This intriguing problem
from financial mathematics is modelled by the Black-Scholes equations. The space dimension equals the number
of assets in the basket. Usually, this is done using Monte-Carlo methods, which takes a long time and produces
uncertain results. To obtain a faster solution method, we first developed a sparse grid approximation for the
Black-Scholes pde and implemented a multi-grid-based solver. We were able to extend this approach to higherorder approximations, allowing the computation of the very important sensitivities (“greeks”). To that end, we
combined it with a dimensional reduction, which was surprisingly effective and gives explicit error bounds. With
this tool, we are able to compute options on DAX (30-dimensional) in some minutes, whereas state-of-the-art
Monte-Carlo methods need about two days without producing any error bounds. For details, see Project A3.
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A4

Process Engineering: Solvers for multidimensional population balances and disperse systems.
Population dynamics in disperse, i.e. spatially resolved, systems is a great challenge for computational science. In
industrial practice, all population dynamics processes such as e.g. polymerisation or crystallisation or the growth
of bacteria in a stirred reactor happen in a flow. However, coupling the resulting integro-differential equation
with the fluid flow is a computational problem which has not yet been solved. We have developed novel fast
methods for processing the integro-differential equation and were able to do computations on 2D and 3D property spaces in ⋲. Then we combined these solvers with our flow solvers and ended up with the first coupled
computation of population balance equations with 2D and 3D flow problems. For details see Project A4.

A5

Environmental Science: Groundwater flow and transport, remediation, waste disposal.
We have developed a simulation model for the biological remediation of a chlorine spill in an aquifer. The model
was based on a real situation and developed in close co-operation with industry. On the basis of our simulation
model, we were able to design a remediation strategy for a concrete application case (see ⋲ brochure, p. 7).
Based on the “coarse-graining” approach of S. Attinger, Jena, we developed a new coarse-graining multigrid method, with a nice performance for heterogeneous problems (see A5.1). We further developed the simulation tool
d3f for computing density-driven porous-media flows in very general domains. The tool uses the full model including non-linear dispersion. In this sense, as well w.r.t. the complexity of the problems, it is the most general
software available for this kind of problem (see A5.2). With r3t, we developed a tool for computing the transport,
diffusion, sorption and decay of radioactive pollutants in groundwater. This novel software tool allows the
simulation of the transport and retention of radioactive contaminants (up to 160 species) in large complex threedimensional domains (see A5.3). In these projects, we cooperated with S. Attinger and W. Kinzelbach, Zürich, P.
Knabner, Erlangen, D. Kröner, Freiburg, and M. Rumpf, Bonn.
We further developed simulation tools and carried out simulations for two-phase flow in porous media and developed and applied methods for the parameter estimation of these problems. To model flow and transport
through fractured porous media, we developed a formulation using a lower-dimensional approximation for the
fractures. This was carried out by Volker Reichenberger and Peter Bastian, who is now in the Parallel Computing
Group of IWR, Universität Heidelberg, in cooperation with R. Helmig, Stuttgart.

A6

Computational Fluid Dynamics: Incompressible and compressible Navier-Stokes equations, turbulence, LargeEddy simulation, mixing, aeroacoustics, low Mach-number flow, two-phase flow (gas/liquid), non-Newtonian
flows
To compute turbulent flows, we developed a Large-Eddy simulation (LES) model combined with an adaptive
multigrid solver. This ⋲-based LES-multigrid simulation model incorporates several subscale models and is so
flexible that we were able to compute flows through a static mixer in industrial geometries (see A6.1). A second
field of research is aeroacoustics and low Mach-number flow. Here, we developed two kinds of algorithm, one
based on the so-called Multiple Pressure-Variables (MPV) ansatz by Klein and Munz, which is based on splitting
the pressure, the second one a direct multi-grid approach to this multi-scale problem, coupling acoustics with
the Navier-Stokes equations (see A6.2).
We further developed methods and tools to compute multi-phase flows, such as rising air bubbles in water.
Here, we use two different basic approaches, the Volume of Fluid method (VOF) and the level-set method [17],
[120]. The former was applied to compute two-phase flow (gas/liquid), and liquid-liquid extraction. We also developed a simulation model for non-Newtonian Bingham flow used for modelling the extrusion of ceramic pastes e.g. for making bricks. This was combined with a tool to optimize design. Based on this tool, the geometry
of a measuring nozzle was optimised (see M5). We further coupled our Navier-Stokes solvers with several other
problems, e.g. electromagnetics to simulate the cooling of high-performance electric devices (A7.2), and with
population dynamics to describe the development of structured populations in a flow (A4).

6

Overview

A7

Computational Electromagnetics: Eddy-current problems, coupling of electromagnetics with fluid flow
We developed a simulation model for the low-frequency (AC) case of the Maxwell equations. A new estimate for
the modelling error was introduced. The model was successfully applied to complicated problems from industry
like transformers and high-performance switches (A7.1). It was coupled with flow to simulate the cooling process of industrial devices (A7.2).

A8

Combustion: Laminar diffusion flames with detailed chemistry for realistic industrial configurations.
The simulation of laminar diffusion flames with detailed chemistry leads to a large system of coupled pdes. On
the basis of ⋲, we developed methods and tools to compute realistic 3D configurations of these problems.
The simulation strategy uses a hierarchical dimensional reduction technique, based on ILDM in the initial stages
of the simulation. In the later stages, a full model is used, [95],[96]. This research was carried out in co-operation with D. Thevenin, Magdeburg, and S. Candel, Paris.

A9

Structural Mechanics: Elasto-plastic materials, topology optimisation.
Besides the standard linear elastic problems, we developed methods and tools for solving elasto-plastic
problems with non-linear material laws, [54], [55], [56]. We were able to compute reference solutions used to
benchmark engineering codes. The research on this topic has been carried out by Christian Wieners. He now
holds the chair for Scientific Computing at Karlsruhe University and continues research on this topic there. We
also coupled the structural mechanics code with our optimisation tool to carry out topology optimisation [34].

A10

Numerical Geometry and Visualization: Reconstruction of Heidelberg Castle before destruction.
The idea of this project is to carry out a virtual reconstruction of Heidelberg Castle before it was destroyed. In
co-operation with the History of Arts Institute, we develop a computer model of the castle as it was in 1680. The
geometry is prepared for rendering by ray tracing using POVRAY. This geometry will be the basis for a internet
computing project on distributed, internet-based visualization by ray tracing. The project has no support, but is
based merely on the work of student helpers.

Moreover, we developed and/or investigated the following methods:
M1

Fast solvers for large systems of equations: Parallel adaptive multigrid methods, algebraic multigrid, frequency filtering, adaptive filtering, filtering algebraic multigrid, homogenization multigrid, coarse-graining multigrid, interface reduction, domain decomposition.
The development of fast solvers for large systems of equations is the core project from which all the other projects arose. Starting with robust multi-grid methods for systems of pde, we now develop a lot of different methods. A major focus is algebraic multigrid (AMG) methods and their connection to homogenization. Here, we developed filtering algebraic multigrid (FAMG), a novel approach to constructing multigrid methods directly from
the matrix, without knowledge of the pde. Several other new methods from this field have been developed, like
automatic coarsening (AC), Schur-complement multigrid (SCMG) and coarse-graining multigrid (CNMG). This is
strongly linked with the development of filtering methods. Starting in 1990 with frequency-filtering
decompositions, we continued the development of filters as linear solvers. The FAMG ansatz and its parallel
version are suited to solving general systems of equations. In the framework of transforming iterations, which we
developed years ago, these methods are available for systems of pde.

M2

Multiscale Numerics and Homogenization: Linking homogenization with numerical multiscale methods, like
multigrid solvers, fast computation of effective models and their parameters.

M3

Discretization: Finite volume methods, modified method of characteristics (MMoC), discontinuous Galerkin methods, Whitney elements, sparse grids, higher order sparse grid methods.
Several discretization methods have been developed. In particular, methods for the discretization of advection
terms have been investigated, like a novel modified method of characteristics. For stiff problems in time, caused
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by linear reaction terms (radioactive decay), we developed a special technique for incorporating exact solutions
via a Laplace transformation and operator splitting (A5.3). We were also able to establish new sharp error
estimates for sparse grids in arbitrary dimensions. This analysis made it possible to generate an extrapolation
scheme yielding higher-order approximations with sparse grids (cf. A3).
M4

Inverse Modelling and Optimisation: Optimisation multigrid, SQP multigrid, reduced SQP methods.
As early as 1996, we introduced a new multigrid optimisation scheme for optimisation with pdes. Applying a
multigrid method directly to the Kuhn-Tucker system corresponding to the optimisation problem, we were able
to derive a SQP-type multigrid method (SQP-MG). In the case of a large parameter space, coarse gridding in
parameter space is introduced, too. This new approach generates a family of algorithms and allows teh solution
of inverse problems in about 3-5 forward solves. We applied it to various kinds of typical optimisation problems,
such as inverse modelling and parameter estimation, geometry and topology optimisation and optimal
experiment design. The research was conducted by Volker Schulz, who now has the chair for Scientific
Computing at the University of Trier. He is continuing this research there.

M5

Numerical methods for high-dimensional problems: We introduced special dimensional reduction algorithms
and sparse grid in order to be able to go beyond d=3, the typical limit of standard grid methods. The methods
were used in financial mathematics (A3) and in population dynamics (A4).

M6

Integro-differential equations: Panel clustering for population balances (see also A4).

M7

Grid generation: Generating combined hexahedral/tetrahedral grids for domains with thin layers (cf. T7).

M8

Image processing: Non-linear anisotropic filtering, segmentation, reconstruction (cf. A2).

M9

Numeric Geometry and Visualization: Parallel internet based ray tracing. (cf. A10)

Another important issue is the development of software tools:
T1

Simulation system ⋲: With the simulation system ⋲ we have created a general platform for the numerical
solution of partial differential equations in two and three space dimensions on serial and on parallel computers.
⋲ supports distributed unstructured grids, adaptive grid refinement, derefinement/coarsening, dynamic load
balancing, mapping, load migration, robust parallel multigrid methods, various discretizations, parallel I/O, and
parallel visualization of 3D grids and fields. The handling of complex three-dimensional geometries is made possible by geometry and grid generation using special interfaces and integrated CAD preprocessors. This software
package has been extensively developed in the last four years and has received two awards in this period: in
1999 at SIAM Parallel Processing, San Antonio, Texas, and the HLRS Golden spike award 2001. Based on this platform, simulation tools for various problems from bioscience, environmental science and CFD are being
developed. ⋲ is widely distributed around the world; more than 350 groups use it under license.

T2

DDD: The development of the parallel programming model DDD (Dynamic Distributed Data) distributing data
objects on a multiprocessor system. DDD is based on message passing; thus, it does not require the system to
provide global information. It allows a smooth integration of parallelization in the software tool ⋲.

T3

d3f: The simulation tool d3f allows the computation of density-driven groundwater flow in the presence of strong
density variations, e.g. around salt domes. This unique software allows a solution of the full equations in realistic
geometries for the first time.

T4

r3t: In cooperation with the GRS Braunschweig, scientists from the universities of Freiburg and Bonn, and the
ETH Zürich, a special software package r3t based on ⋲ was developed. This novel software tool allows the
simulation of the transport and retention of radioactive contaminants (up to 160 radionuclides) in large complex
three-dimensional model areas.

8

SiT Members

T5

SG: As a counterpart to ⋲, we developed the library SG (structured grids). It makes use of all structures
known in logically rectangular grids. Currently, we use it in image processing and computational finance projects. In the future, we will couple it with ⋲.

T6

NeuRA: In co-operation with B. Sakmann (MPI), we developed the “Neuron Reconstruction Algorithm” (NeuRA).
It allows the automatic reconstruction of neuron geometries from confocal microscopic data using a specially adjusted blend of non-linear anisotropic filtering, segmentation and reconstruction.

T7

ARTE, TKD_Modeller: We developed two grid generators for the treatment of highly anisotropic structures.
ARTE generates tetrahedral meshes including prisms in thin layers, TKD_Modeller generates hexahedral meshes
for mainly plane parallel domains.

T8

HD_Ray: Tool for internet-based parallel rendering using POVRAY.

T9

Par_Vis: Parallel visualization subsystem of ⋲.

The research is performed in various projects funded by the state of Baden-Württemberg, the Bundesministerium für
Bildung und Forschung (BMBF), the “Deutsche Forschungsgemeinschaft” DFG, such as 2 SFBs and priority research
programs, and in co-operation with industry. Most projects bridge several of the topics mentioned above. From 1999 to
2003, we acquired more than 4 Mio. EUR grant money. In detail these were: 1999: 691, 2000: 1.005, 2001: 1.056, 2002:
686, 2003: 594, 2004: 405, 2005: 397, 2006 (est.) 402 kEUR.
As early as 1999, we built up our own Fast Ethernet-based, 80-node Beowulf cluster, each with single Pentium II 400
MHz processors and 512 Mbytes memory. Procedures for installing, maintaining and running the cluster have been developed, based on our specific needs and on a low cost basis. This was the prototype which made the development of
the HELICS cluster possible. Computations with up to 108 unknowns have shown significant speedups of more than
300 on 512 processors. Computations on up to 1,000 processors confirm these results.

SiT Members
Postdocs and staff: Dr. V. Aizinger, D. Feuchter, Dr. P. Frolkovic, Dr. M. Heisig, PD Dr. K. Johannsen, O. Klassen, Dr. S.
Lang, Dr. M. Lampe, B. Lemke, Dr. D. Logashenko, PD Dr. N. Neuß, E.-M. Ortinau, PD Dr. C. Wagner.
PhD students: D. Feuchter, A. Hauser, I. Heppner, H. Heumann, A. Heusel, R. Kicherer, A. Nägel, G. Queisser, C. Wagner.
Diploma students: S. Eberhard, M. Föhner, C. Gründl, S. Handel, B. Lemke, H. Lux, I. Muha, D. Popovich, S. Reiter, B.,
Schmid, T. Stiehl, C. Voßen, A. Wanner, C. Wehner, K. Xyloris.
Former Members: Prof. Dr. P. Bastian, Dr. K. Birken, Ph. Broser, A. Croci, L. G. Dielewicz, Dr. T. Dreyer, Dr. J. Eberhard,
Dr. T. Fischer, Dr. A. Fuchs, Dr. J. Geiser, Dr. A. Gordner, Dr. R. Haag, Dr. S. B. Hazra, J. Hittler, Dr. W. Hoffmann, Dr.
B. Huurdeman, Dr. M. Kirkilionis, M. Kleiser, Dr. M. Klingel, Dr. A. Laxander, Y. Liu, Dr. B. Maar, Dr. M. Metzner, Dr. S.
Nägele, Dr. S. Paxion, A. Raichle, Dr. V. Reichenberger, Dr. Chr. Reisinger, Dr. H. Rentz-Reichert, PD Dr.-Ing. W. Schäfer,
Th. Schönit, Prof. Dr. V. Schulz, Dr. N. Simus, D. Singh, U. Stemmermann, Dr. O. Sterz, R. Wahner, W. Weiler, Prof. Dr.
Chr. Wieners, Chr. Wrobel, L. Zhang, G. Zhou, R. F. Ziegler.

Theses
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Theses
Diploma theses
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

Broser, Philip Julian, Simulation von Strömungen in Blutgefäßen. Lösen der Navier-Stokes-Gleichungen auf zeitlich variierenden Gebieten (2002)
Gründl, Christian: Berechnung des ökonomischen Kapitals eines Kreditportfolios mit Hilfe partieller Differentialgleichungen. (2006)
Handel, Stefan: SurfaceMerge - Ein Postprozessor für die Geometrie- und Gitterdateien zum Simulationssystem
UG, BA-Arbeit (2005)
Heumann, Holger: Eine Metrik zur Klassifizierung von Neuronen. (2006)
Kleiser, Matthias: Reduktion Finite Volumen diskretisierter Navier-Stokes Gleichungssysteme auf winkelperiodischen Rechengebieten (2006).
Nipah, Akua A., High availability concepts in mySAP Business Suite. (2004)
Queisser, Gillian: Rekonstruktion und Vermessung der Geometrie von Neuronen-Zellkernen (2006)
Raichle, Axel, Numerische Methoden zur Berechnung von Strömung und Temperatur in Fluiden (1999)
Schmidt-Dannert, Tilman, Ein adaptives Mehrgitterverfahren für die Poisson-Boltzmann-Gleichung (2001)
Schulte, Roland, Filterung von 3D-Neuronenaufnahmen durch nichtlineare anisotrope Diffusion (2003)
Stemmermann, Ulrich, Modellierung von dreidimensionalen Schichtengeometrien und Erzeugung einer Schnittstelle zum Numeriksimulationssystem uG (2001)
Voßen, Christine: Passive Signalleitung in Nervenzellen. (2006)
Wahner, Ralf: Complex Layered Domain Modeller - Ein 3D Gitter- und Geometriegenerator für das Numeriksimulationssystem UG (2005)

PhD theses
1.
2.
3.
4.
5.
6
7.
8.
9.
10.
11.
12.
13.

Eberhard, Jens, Upscaling und Mehrgitterverfahren für Strömungen in heterogenen porösen Medien (2003)
Geiser, Jürgen, Diskretisierungsverfahren für Systeme von Konvektions-Diffusions-Dispersions-Reaktions-Gleichungen und Anwendungen (2004)
Gordner, Achim, Numerische Simulation nichtlinearer isotroper Aeroakustik bei kleinen Machzahlen mittels
Mehrgitterverfahren (2004)
Hoffmann, Wolfgang, Advancing Front Gittergenerierung und a priori Fehlerabschätzungen für elliptische Randwertprobleme mit Singularitäten (2000)
Johannsen, Klaus, Robuste Mehrgitterverfahren für die Konvektions-Diffusions-Gleichungen mit wirbelbehafteter Konvektion. (1999)
Lampe, M.: Parallele Visualisierung – Ein Vergleich, Informatik, Heidelberg, 2006
Lang, Stefan, Parallele Numerische Simulation instationärer Probleme mit adaptiven Methoden auf unstrukturierten Gittern (2001)
Logashenko, Dmitry, Verallgemeinerte filternde IBLU-Zerlegungen der Ordnung l (2004)
Metzner, Michael, Mehrgitterverfahren für die kompressiblen Euler- und Navier-Stokes-Gleichungen mit besonderer Betrachtung des schwach kompressiblen Falles (2003)
Nägele, Sandra, Mehrgitterverfahren für die inkompressiblen Navier-Stokes-Gleichungen im laminaren und turbulenten Regime unter Berücksichtigung verschiedener Stabilisierungsmethoden (2003)
Reisinger, Christoph, Numerische Methoden für hochdimensionale parabolische Gleichungen am Beispiel von
Optionspreisaufgaben (2004)
Sterz, Oliver, Modellierung und Numerik zeitharmonischer Wirbelstromprobleme in 3D (2003)
Wrobel, Christian, Die Parallelisierung des filternden algebraischen Mehrgitterverfahrens zum Lösen partieller
Differentialgleichungen (2001)
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Awards, Offers, Cooperations

Habilitation theses
1.
2.
3.
4.
5.
6.

Bastian, Peter, Numerical computation of multiphase flow in porous media (Informatik, Kiel, 1999)
Johannsen, Klaus, Numerische Aspekte dichtegetriebener Strömung in porösen Medien. (2004)
Neuss, Nicolas, Schnelle numerische Approximation von effektiven Parametern mit einer interaktiven Finite-Elemente-Umgebung (2003)
Schulz, Volker, Mehrgittermethoden für Optimierungsprobleme bei partiellen Differentialgleichungen (2000)
Wagner, Christian, Ein algebraisches Multilevelverfahren - Entwicklung und Anwendung auf einen Sanierungsfall
(2000)
Wieners, Christian, Theorie und Numerik der Prandtl-Reuß-Plastizität (2000)

Awards
•
•
•
•
•

1999 at the 9th SIAM Conference on Parallel Processing, San Antonio, Texas, Award for Best Systems Poster Presentation to Peter Bastian, Klaus Birken and Stefan Lang with the paper "High Level Software Tools for Unstructured Adaptive Grids on Massively Parallel Systems"
Gay Lussac-Humboldt- Award for French-German co-operation, Peter Bastian, 2000
HLRS Golden spike award 2001 for the most outstanding project, Stuttgart, Germany, to Stefan Lang, High-accuracy Simulation of Density Driven Flow in Porous Media
Dulger Umweltpreis to PD Dr. Chrstian Wagner for his Habilitation thesis, 2002
doIT-Software-Award, 2005

Academic Offers to SiT Members
•
•
•
•
•
•
•
•

Bastian, Peter, Universität Heidelberg, 2001 (C3)
Schulz, Volker, Universität Trier, 2001 (C4)
Wieners, Christian, Universität Erlangen, 2002 (C3)
Wittum, Gabriel, International University Bremen 2001 (full professorship)
Wittum, Gabriel, Forschungszentrum Jülich 2002/03 (Director ZAM, NIC)
Wittum, Gabriel, FU Berlin, 2005 (W3)
Johannsen, Klaus, German University Kairo, 2006 (Full Professorship)
Johannsen, Klaus, Universitetet i Bergen, 2006

Selected Co-operations

Many projects have been conducted in co-operation with other colleagues from many different disciplines. The level of
collaboration varies, depending on the subject and aim of the project. We received a lot of advice, support, and direct
co-operation from colleagues from many different disciplines. Otherwise, this interdisciplinary research would not have
been possible. We are grateful to all of these colleagues. A selection of the major partners is given below.

National

S. Attinger (UFZ, Leipzig), P. Bastian (Uni Heidelberg), E.-D. Gilles (MPI Magdeburg), W. Hackbusch (MPI Leipzig), M.
Hampe (Uni Darmstadt), R. Helmig (Uni Stuttgart), R.H.W. Hoppe (Uni Augsburg, University of Houston), W. Juling, (U
Karlsruhe), B. Khoromskij (MPI Leipzig), R. Kornhuber (FU Berlin), D. Kröner (Uni Freiburg), V. Lindenstruth (Uni Heidelberg), K.-D. Munz (Uni Stuttgart), A. Reuter (EML Heidelberg), M. Resch (Uni Stuttgart), W. Rodi (Uni Karlsruhe), H.
Ruder (Uni Tübingen), M. Rumpf (Uni Duisburg), B. Sakmann (MPI Heidelberg), V. Schulz (Uni Trier), D. Thevenin
(Uni Magdeburg), Ch. Wieners (Uni Karlsruhe)
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International

R. Jeltsch (ETH Zürich), W. Kinzelbach (ETH Zürich), S. Sauter (ETH Zürich), U. Langer (Uni Linz), S. Candel (EC Paris),
S. Zaleski (Univ. Paris VI), I. Guinzbourg (Univ. Paris VI), P. Wesseling (TU Delft), A. Buzdin (Uni Kaliningrad), R.E. Bank
(UCSD), R. E. Ewing (Texas A&M University), R. Falgout (Lawrence Livermore National Laboratory), T. Hou (CalTech),
R. Lazarov (Texas A&M University), A. Schatz (Cornell), H. Simon (NERSC, Berkeley), A. Tompson (Lawrence Livermore
National Laboratory), M. Wheeler (University of Texas at Austin), J. Xu (Penn State)

Industry cooperations

ABB (Ladenburg), BASF AG (Ludwigshafen), Deutsche Bank (AG) (Frankfurt a. Main), Dresdner Bank AG (Frankfurt a.
Main), Fa. Braun GmbH (Friedrichshafen), Fa. Burgmann ( Wolfratshausen), Gesellschaft für Reaktorsicherheit mbH
(Braunschweig), Fa. Leica-Microsystems Heidelberg GmbH (Mannheim), Steinbeis-Stiftung für Wirtschaftsförderung
(Stuttgart), Roche Diagnostics (Mannheim), AEA (Holzkirchen), IBL (Heidelberg), CETIAT (Orsay), IRL (Christchurch,
NZ), Schott (Mainz), Porsche (Stuttgart).

Spin-off Companies
A total of 3 spin-off compainies have been founded in the last five years.
•
•
•

Protos GmbH,München, Embedded Software Tools, www.protos.de. Founders: Klaus Birken, Henrik Rentz-Reichert.
Dr. Wolfgang Hoffmann, Keramische Berechnungen, Stuttgart.
Dr.-Ing. W. Schäfer Grundwasserberechnung, Wiesloch, www.schaefer-gwm.de. Founder: Wolfgang Schäfer.

Conferences, Workshops and Seminars
Simulation in Technology organises several conferences, seminars and workshops each year to promote research and
exchange on various topics in Computational Science. The events are co-organised by GAMM Fachaussauschuß
Scientific Computing, STZ “Technische Simulation” and WiR Ba-Wü. In recent years, the following events have been organized.
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Schnelle Löser für partielle Differentialgleichungen, Oberwolfach, June 1999
EMS-WiR Summer School „Numerical Simulation of Flows“, Sept. 6.-21, 1999, Heidelberg.
GAMM-Workshop “Parallel Computation of combustion processes”, February 2000, Bad Herrenalb
SFB-412 Workshop: “Methods and Tools in Computational Fluid Dynamics”, June 2000, Heidelberg
Modelling and Computation in Environmental Sciences, Oct 30 - Nov 3, 2000, Bad Herrenalb
Schnelle Löser für partielle Differentialgleichungen, Oberwolfach, 27.5.-2.6.2001
Modelling and Computation in Chemical Engineering and Biotechnology, Hohenwart, Oct. 1-4, 2001
WiR-Symposium: The Future of Supercomputing, Stuttgart, 29.5.2002
European Multigrid Conference (EMG), Hohenwart, 7.-10.10.2002
Modelling and Computation in Financial Engineering, Bad Herrenalb, May 2003
Schnelle Löser für partielle Differentialgleichungen, Oberwolfach, June 2003
Parallel Adaptive Computing, Hohenwart, 9.-12.11.2003
Efficient Numerical Methods for High Dimensional Problems, May 16-19, 2004
Modelling and Computation in Environmental Sciences, Hohenwart, Oct. 10 - 13, 2004
Data-Driven Modelling and Simulation in Neurosciences, Hohenwart, May, 8 - 11, 2005
Schnelle Löser für partielle Differentialgleichungen, Oberwolfach, June 2005
ECCOMAS CFD, Minisymposium Computatial Neurosciences, Egmont aan Zee, Sept. 2006
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A1: Skin Problem

Selected Project Reports
A1: Computational Pharmacy: Diffusion through Human Skin.
Dirk Feuchter, Michael Heisig, Yuhong Liu, Christine Wagner, Gabriel Wittum

In pharmaceutical research and development, the problem of the diffusion and transport of substances through membranes is of great significance. To understand and control the transdermal application of drugs, an exact knowledge of
the diffusion and permeation pathways of the compounds via the human stratum corneum is crucial. A typical question
is the conductivity of the corneocytes. The standard assumption was that corneocytes are impermeable and the transdermal diffusion takes place through lipid channels only. As early as 1993, our simulations showed that the corneocytes
must be permeable [2], [3], [4]. However, pharmacists did not start to believe this until 2003, when this result was confirmed by experiments [5].
Investigations of the stratum corneum are hampered by enormous difficulties regarding equipment and experiments.
This is the reason, why the physical properties of this skin layer have hitherto been grasped insufficiently. The numerical simulation of drug diffusion through the stratum corneum leads the way to understanding the diffusion process. On
the basis of ⋲, we developed methods and tools and ran simulations of this problem in two and three space dimensions. The stratum corneum consists of cells, the corneocytes, which are embedded in a contiguous layer of lipid
(Fig.1). Corneocytes are extremely flat cells, showing a highly diverse geometry. Moreover, diffusion coefficients jump
across the lipid-corneocyte interfaces. Due to the special geometry, strong anisotropies appear in the equations. To improve the approximation, a special anisotropic refinement process is applied, yielding a successively better approximation from one level to the next.

Fig. 1. Cross-section of the stratum corneum (from [1]).

Fig. 2. 2d model of the stratum corneum.

In order to resolve the complicated structure of the domain and the jumps in the diffusion coefficients and partition coefficients between lipid layer and corneocyte, a large number of grid nodes are required. To solve these very large, sparse linear systems of equations, multigrid methods are applied.
Ten years ago we already developed a 2d model (Fig. 2) for the diffusion of xenobiotics through the human stratum corneum [2a], [2b], [3], [4]. With this model, we showed that, in addition to the commonly cited lipid multilamellar pathway, intracorneocyte diffusion must exist to match the experimental data. At the beginning of 2003, the intracorneocyte
diffusion pathway predicted by our model was confirmed experimentally by Langer and his group, using dual-channel
high-speed two-photon fluorescence microscopy, [5]. This result is shown in Fig. 3 and Fig. 4 for hydrophobic (rhodamine B hexyl ester) and hydrophilic (sulforhodamine B) model drugs.

Fig. 3. Spatial distribution of hydrophobic model
drug (RBHE) in stratum corneum (from [5]).

Fig. 4. Spatial distribution of hydrophilic model
drug (SRB) in stratum corneum (from [5]).

A1: Skin Problem

13

In the last two years we developed a model for the drug diffusion within a three-dimensional, biphasic stratum corneum membrane having homogeneous lipid and corneocyte phases. The corneocytes were modelled as tetrakaidekahedra with the software tool TKD-Modeller (Fig. 5), [6], and as cuboids with the software tool Cuboid-Modeller. The
diffusion coefficient Dcor of the corneocyte phases was varied and the time-dependent drug-concentration profiles
within the stratum corneum membrane were determined and graphically illustrated (Fig. 6), [6].

Fig. 5. 3D model of the stratum corneum.

Fig. 6. Drug diffusion through the stratum corneum
(Dcor = 10-7).
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A2: NeuRA

A2, M8, T6: NeuRA: The Neuron Reconstruction Algorithm
Philip Broser, Simone Eberhard, Alexander Heusel, Stefan Lang, Roland Schulte, Chrsitine Voßen, Gabriel Wittum in cooperation with: Frithjof Helmchen, Arndt Roth, Bert Sakmann
Introduction
Two-photon laser scanning microscopy, [Denk90], has become a principal technique for high-resolution fluorescence
imaging in biological tissues because it provides intrinsic optical sectioning and exceptional depth penetration. Imaging
depths in the cortex of more than 500 micrometers are now routinely achieved and image acquisition from one millimetre inside a mouse neocortex has recently been demonstrated, [Denk03]. Combined with techniques for labelling individual neurons or sparse populations of neurons, e.g. dye loading via intracellular pipettes or the expression of fluorescent proteins, two-photon microscopy can resolve neurons with high resolution in vivo, i.e. within the intact brain of
living animals. Thus, 3D fluorescence images of neurons including their entire dendritic morphology can be obtained
within their native environment. These advances in imaging technology are prerequisites for the automatic reconstruction of neuronal morphologies.
An automatic reconstruction would allow the fast, high-throughput determination of characteristic anatomical features,
for instance the dendritic branching pattern of different neuronal cell types. This is in contrast to standard manual
reconstruction techniques, which are time-consuming and highly dependent on the experience of the human anatomist. They also suffer from scaling problems due to shrinkage in fixed tissue. Automatic reconstruction would furthermore help to establish large databases of neuronal morphologies for the biophysical modelling of cellular and neural
network signal processing.
In order to address this issue, we designed a software tool NeuRA, which allows the automatic reconstruction of neuronal morphology [Wittum04]. NeuRA is equipped with a sophisticated user interface to enable the scientist to control
the reconstruction process at any time.
To accomplish the task of automatic reconstruction, NeuRA provides the following components:
1. Filter for the native two-photon images
2. Segmentation of the data
3. Reconstruction of the branching pattern
4. Export of the data in common file format.
Anisotropic diffusion filtering
In principle, it is now possible to reconstruct automatically the dendritic branching patterns of neurons from confocal
image stacks. In practice, however, the signal-to-noise ratio in such data can be low, especially when dendrites in
deeper layers of the cortex are imaged in vivo. Typically, discontinuities in the fluorescence signal from thin dendrites
are encountered, as well as a noisy fluorescence background not originating from the labelled neuron, and the combination of these difficulties often precludes the application of existing algorithms for an automatic reconstruction of
neurons.
To address the problem of noise, we developed a non-linear anisotropic diffusion filter for 3D volume data which
enhances the signal-to-noise ratio while conserving the original dimensions of the structural elements and closing gaps
in the structure. The key idea is to use structural information in the original image data - the local moments of inertia to
control the strength and direction of diffusion filtering locally. In the case of a dendrite, which can be locally approximated as a one-dimensional tube, diffusion filtering is effectively applied only parallel to the axis of the tube, but not
perpendicular to it, see also [Weickert98]. Thus, noise is averaged out along the local axis of the dendrite, but dendritic
diameters are not affected, in contrast to, for example, a simple isotropic Gaussian blur.
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Segmentation
The segmentation in NeuRA is done by a local thresholding approach combined with local topological criteria. In a
neighbourhood around each voxel, a threshold is calculated. According to this threshold, the connectivity of each voxel
is evaluated.
Reconstruction
The reconstruction in NeuRA is performed in the following steps:
- representing the segmented data as connected graphs
- detection of relevant topological structures (dendrite endings and bifurcations)
- extracting the skeleton
- representing the data as a unique tree
- exporting the data in a common file format.
Automatic reconstruction of a neuron by NeuRA
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A3: Option Pricing

A3, M5: Computational Finance – The Numerical Pricing of Options with Many
Risk Factors
Christoph Reisinger, Gabriel Wittum

A very large and increasing number of products traded on financial markets has the form of derivative securities. It is
common that these products depend on several uncertain quantities that have to be modelled as stochastic parameters.
Two particular examples in this wide range of products are FX options on the exchange rate between two currencies,
where the dynamics of the interest rates on the two markets is also crucial, or basket options, which depend on the
average of a possibly very large selection of stocks. It is common to express the risky assets and stochastic parameters
in terms of Brownian motions, giving rise to parabolic PDEs for the option price. The need for efficient techniques to
price these contracts faster and more reliably than by means of state-of-the-art Monte Carlo methods is enormous.
The focus of our research is multivariate systems such as those mentioned above with a special emphasis on highdimensional problems. First, taking into account the correlation of the processes, a reduced model with a low superposition dimension is derived. This allows a very accurate extrapolation of the solution from lower-dimensional problems.
The resulting parabolic equations are discretised on sparse grids with a drastically reduced number of points compared
to the conventional spaces. The combination technique allows a further decoupling into discrete subspaces. These linear systems are solved by a suitable multilevel solver in linear complexity . The robust solution is essential for the speedup of the parallel implementation of the method.

Dimensional reduction
High-dimensional processes often show a typical correlation pattern corresponding to a characteristic form of the
spectrum: a dominating component represents the movement of the market, the other eigenvalues decay
exponentially. Asymptotic analysis can be used to study the perturbations of simple one-factor models. For the classical
Black-Scholes model, an analytic expansion of the solution in terms of these small parameters has been derived. As an
alternative, the solution is extrapolated from two-dimensional auxiliary problems that mimic the directional derivatives
with respect to the spectrum. The latter idea can be carried over to more general situations.
Sparse grids and multigrid methods
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Sparse grids are known to break the “curse of dimensionality”, i.e. the exponentially increasing number of grid points in
high dimensions. The combination technique exploits an astonishing extrapolation property of a particular family of
hierarchical subspaces: Assuming some form of the error expansion for the discretisation scheme, the combination of
solutions on decoupled Cartesian grids shows the same asymptotic error as the sparse finite element solution and
deteriorates only by logarithmic factors in comparison with the full high-dimensional Cartesian grid. In the course of
this project, the above statement could be proven and closed form error estimates for the sparse-grid solution in
arbitrary dimensions have been derived.
The parallel implementation gave very accurate results for real-world scenarios in up to six dimensions. A solver of
linear complexity is crucial for the load balancing. A multilevel technique with “plane” smoothing, applied recursively in
lower-dimensional hyper-planes, proved robust for the present anisotropic and degenerate parabolic operators coming
from bounded stochastic processes. Extensions to American options involve adapted transfer operators at the free
boundary and show comparable convergence.
Results
The plot shows the price u of a European option on a basket of two uncorrelated stocks S1 and S2 with different
volatilities. The triangle indicates the pay-off, which serves as terminal condition. The sparse grid has been transformed
such that the kink in the pay-off is captured exactly and graded in the direction orthogonal to the kink. This preserves
the discretisation order despite the lack of smoothness and provides a suitable refinement in that region.

For visualization‘s sake, we show only two-dimensional results in the figure above. Nevertheless, comparison with
solutions obtained by a large number of Monte Carlo runs shows that our approach yields remarkably accurate prices
within a few minutes with errors below 0.1 % even for very large baskets like the DAX (30 dimensions).
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A4: Population Dynamics of Disperse Systems

A4, M6: Biotechnology and Process Engineering: Simulating Crystal Growth in
Stirred Tanks
D. Logaschenko, T. Fischer, G. Wittum, in co-operation with: E.-D. Gilles, S. Motz

The crystallization from solutions in stirred crystallizes is one of the economically most important industrial separation
and purification processes. It is applied as a large-scale continuous process for the production of inorganic (e.g. potassium chloride, ammonium sulfate) and organic (e.g. adipic acid) materials. On a small scale, it is often applied as a batch
operation to produce high-purity pharmaceuticals or fine chemicals (e.g. aspartame, L-ascorbine). This process includes
two classes of physically different, but strongly coupled phenomena. The first is the crystallization itself, typically described by means of population models. The second consists of the spatial flow and the transport induced by the stirrer.

Figure 1: Scheme of the stirred crystallizer
We consider a continuously stirred crystallizer (cf. Fig. 1). The pure solution (without crystals) is pumped in at the inflow and the suspension of the crystals leaves the tank at the outflow so that the volume of the fluid in the tank is
constant. The crystallizer is cooled from the outside so that the solution inside is oversaturated. Attrition of crystals
happens only on the stirrer whereas growth takes place everywhere in the tank. The fluid in the crystallizer is a
suspension whose density and viscosity depend on the concentration of crystals and the dissolved substance.
Figure 2: Crystallization of potassium nitrate in a stirred tank
(2D simulation). Upper row (f.l.t.r.): the
flow velocity field
[m/s], the molar
fraction of the
substance in the solution and the temperature [°C]. The
lower row: the integral volume fraction
of the crystals for
lengths 0-0.1 mm,
0.1-0.5 mm and 0.51 mm.
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The main feature of this model is its high dimensionality: 2 or 3 spatial dimensions for flow and transport are extended
by additional structural co-ordinates for the population dynamics. In the case of the crystals, we take the crystal length
as structural co-ordinate. A practically relevant description of the complicated behaviour of the crystallisation process
requires a fine numerical resolution in this structural co-ordinate. Furthermore, the population balance equations include integral terms that need special numerical treatment. For the integral terms, we developed adaptive and complexityreducing integration techniques. The high problem dimension leads to a high computational complexity of the simulations that can only be treated by using parallel architectures and adaptive techniques.
The geometric space is covered by an unstructured grid, which is used to discretize the coupled flow and transport
equations. The arising linear systems are handled by robust multigrid solvers. The unstructured grid is adaptively refined during time stepping according to an error indicator. In every node of this grid, we introduce a uniform mesh for
the discretization of the population balance equations.
Fig. 2 shows the results of the simulation of the crystallization of potassium nitrate in a stirred tank. The stirrer is
located in the middle of the crystallizer. The pictures correspond to a time 300 s from the beginning of the process,
when the tank was filled with the suspension of the medium-sized crystals. The spatial unstructured grid consists of
about 12500 nodes, the structural co-ordinate is resolved by 51 points. This simulation shows the fine resolution of the
process. Similar results of the simulation in a 3D crystallizer are illustrated in Fig. 3.

Figure 3: Crystallisation of potassium nitrate in a stirred tank (3D simulation)
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A5.1: Environmental Science: Coarse Graining of Multiscale Problems

A5: Environmental Science:
A5.1, M1: Coarse Graining of Multiscale Problems
Jens Eberhard, Gabriel Wittum

This work focuses on upscaling and multigrid methods for multiscale problems. We consider a model for flow in heterogeneous porous media as found in groundwater aquifers. The multiscale problem is generated by the heterogeneities
of the permeability of the subsurface on different length scales. Thus, upscaling the permeability is essential for numerical simulations of flow in hydrology in many practical cases since the local permeability field typically involves scales varying over 5 to 10 orders of magnitude. For an exact description of the phenomenon, all length scales must be taken
into account. Therefore, if one is solely interested in the macroscopic behaviour, the subscale influence must be considered by an appropriate upscaling. The study aims at developing a new upscaling method for flow and permeability in
such systems.
The coarse graining method scales up the fine-scale field to an arbitrary length scale by introducing an effective permeability tensor. It incorporates the impact of the subscale fluctuations which are not resolved any more. The method relies on a stochastic modelling with a stationary random field of log-normal distribution for the permeability. While accurate approximations for effective permeability values are known for the case of global upscaling, we give an explicit scale-dependent effective permeability. It is calculated by a perturbation theory and Renormalization Group Analysis. The
results thus gained agree with the known values for global upscaling. Further, it predicts the scale-dependent transition
between the arithmetic mean and the asymptotic value for the global upscaling. Besides, we are able to derive the upscaled variance and the error of the flow solution for the upscaled field.
We extend the theoretical upscaling to a numerical scheme for a local upscaling of the permeability field, similar to the
method of homogenisation. It is shown that, for a periodic setting with periodic media, the effective permeability is
equivalent to the homogenised coefficient. The numerical treatment offers teh opportunity of computing and testing all
theoretical results of the coarse-graining method. The latter are in good agreement with the numerical results. Numerical coarse graining also allows us to compute the theoretically derived results to a higher order of the variance, for
which the results of the perturbation theory are no longer valid.
Further, we focus on algebraic multigrid methods for flow in heterogeneous media. Multigrid methods belong to the
fastest solvers for large systems of linear equations which come from the discretization of partial differential equations.
Due to the heterogeneity, the local permeability field varies over many length scales and exhibits large jumps. To obtain
an efficient method with optimal convergence for solving this problem, it is important to choose the multigrid components suitably. We consider the coarse-graining technique for the numerical upscaling of permeability and develop an
algebraic multigrid method which applies the upscaling concept to obtain the coarse-grid operator. Thus, the coarsegrid operators of the coarsening multigrid method are adjusted to the scale-dependent fluctuations of the permeability,
which is important for an efficient interplay with simple smoothing. The analysis of important properties of the coarsening multigrid proves numerically the successful application of the combination of smoothing and coarse-grid correction
owing to the coarse-graining technique. By a qualified choice of the boundary conditions for the cell problem and of
the grid transfers, we attain an improvement of the convergence of 48% for the coarsening multigrid method (CNMG).
In comparison with algebraic methods, the convergence shows that the coarsening method is as efficient as the Galerkin product and Ruge-Stüben methods for variances smaller than three, which is really sufficient for the simulation of
real systems.
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To illustrate the iterative coarse graining of the permeability we plot the longitudinal effective coefficients in the isotropic case: 64, 16, 4 elements, variance 0.5. The original field is given on the 64x64-grid shown on the left.
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A5.2, T3: Density-Driven Flow in Porous Media
Klaus Johannsen, Peter Frolkovic, Stefan Lang, Dirk Feuchter, Gabriel Wittum, in co-operation with E. Fein,
Braunschweig, W. Kinzelbach, Zürich, P. Knabner, Erlangen, D. Kröner, Freiburg.
Density-driven flow in porous media is relevant in a number of frequently occurring problems, such as sea-water intrusion in
coastal aquifers, upconing of saline waters from deep aquifers, flow around salt domes used as repositories, propagation of dense
plumes emanating from landfills and geothermal heat production. In many cases, density effects cannot be neglected. In these
cases, the fully coupled problem has to be solved to capture all relevant physical effects. Mathematical modelling leads to a nonlinear system of time-dependent partial differential equations. If real-world problems have to be treated, the governing equations
have to be solved on highly complex domains. They require the use of unstructured grids, local grid refinement and massively
parallel computers to handle complex geometries and to obtain highly accurate numerical solutions. To solve the resulting
discrete equations efficiently, fully implicit time-discretization schemes have to be used to avoid time-step limitations. The resulting systems then need to be inverted with optimal complexity.
To this end, the program system d3f, [2] has been developed in co-operation with GRS Braunschweig, the universities of Erlangen,
Freiburg, Bonn, Hannover and the ETH Zürich (Switzerland) on the basis of the software toolbox ⋲. It allows the application of
state-of-the-art numerical techniques (unstructured grids, local grid refinement, fully implicit solvers, Newton-, Krylov subspace
methods and multigrid methods, error estimators etc.) on massively parallel MIMD machines to solve the equations modelling
density-driven flow. These equations, derived from mass conservation principles, read

where q denotes Darcy's velocity, ω the salt mass fraction and p the pressure. For comparison purposes, simplified equations
(Boussinesq approximation, etc.) can be treated as well. In general, the resulting system is an elliptic-parabolic system in the
primary variables ω,p (provided suitable expressions for K, µ, ρ etc. are given). To discretize the system, first- or second-order
Runge-Kutta schemes in time and finite volume schemes in space are applied; for details, see [3,4]. The efficient treatment of the
discretized system requires the adaptation of some solver components to handle strongly non-symmetrical and anisotropic
problems, see [4,6,7]. To allow for detailed investigations of the non-linear structure of the equations, facilities for numerical
bifurcation analysis have been incorporated. The application of d3f ranges from real-world problems and the definition of
benchmark problems to detailed investigations of the bifurcation diagrams for model problems.

The WIPP Problem
The Wipp problem is an
abstraction of a real site in
New Mexiko, US. It is a threedimensional model, which
consists of six layers of
different thicknesses. The
layers have aspect ratios
ranging from 1:100 to
1:5,000 and variations in
permeability of 1:100,000.
Flux boundary conditions
and a salt dome are the
driving forces of the system.

Figure 1: The WIPP-domain with an iso-surface of the
concentration after 100.000 years of simulated time.
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Fig. 2: Velocity field after 100.000 years.
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According to the domain structure, strongly
anisotropic grids have been used containing
elements with aspect ratios of up to 1:1,400. An isosurface of the concentration after 100,000 years of
simulated time is shown in Figure 1, the
corresponding velocity field is shown in Figure 2 on
the left. The calculations with approximately 2 mio.
unknowns have been carried out on a parallel
computer. A nearly optimal speed-up and multi-grid
performance makes high-resolution simulations feasible within hours.

Numerical bifurcation analysis of the Elder Problem
The Elder problem [1] is an example of density-driven flow where the convection is induced purely by density differences. In a
rectangular two-dimensional domain, salt enters at top and a mixture of fresh- and saltwater leaves at the bottom. The structure of
the steady-state solutions has been investigated numerically.
Four subsequent, uniformly refined grids have been used with up to 260,000 grid
points to represent the solutions and their interconnection. The calculation of the
solution branches has been carried out on a parallel computer, about 1,300 steady
state solutions per grid. The three well-known stable steady-state solutions are
depicted on the right. Using a path-continuation method together with Newton
methods and multigrid-methods for the system, eight unstable steady-state
solutions have been found. They are displayed below. Significant differences
between the bifurcation diagrams using the full set of equations and the Boussinesq
approximation were observed [5].
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A5.3, T4: The Software Tool r3t
Peter Frolkovic, Jürgen Geiser, Michael Lampe, Gabriel Wittum; in co-operation with S. Attinger, W. Kinzelbach (Zürich),
D. Kröner (Freiburg), M. Rumpf (Duisburg).
The software tool r3t (radionuclide, reaction, retardation and transport [3]), based on the ⋲ library, can solve very large systems of coupled partial differential equations describing the transport and retention of radioactive contaminants
with up to 160 species numerically.
Computational results from other ⋲ applications for groundwater flows in complex 3D geological formations can be

used as the input for r3t . Modelling physical parameters is performed by using user-friendly configuration and script
files. Computations on several parallel computer platforms [12] are possible.

Figure 1: From top to bottom: layered 3D-domain, development of the U238 component.
r3t can solve very general mathematical models of the transport and retention of radionuclides, including non-linear kinetic sorption and non-linear precipitation with a solution-dependent solubility limit [5]. Several novel algorithms had
to be developed to solve typical applications with r3t. First, the so-called flux-based method of characteristics was designed and successfully implemented [1]. This method enables us to solve convection-dominated transport problems on
general 2D/3D unstructured grids using very large time steps (with no CFL restriction). In such a way, extremely large
simulation times that are required by typical risk scenarios for radioactive waste disposal (up to 10000 years) can be realised with r3t .
The discrete minimum and maximum principle is fulfilled by the scheme (i.e. solutions are oscillation-free), and the
discrete local and global mass-balance property is preserved. Such combinations of important numerical properties are
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novel for this type of method on general computational grids. The flux-based method of characteristics was further extended for a system of convection-dominated transport equations that are coupled through the decay of radioactive
contaminants. In the case of different retardation factors for each transported radionuclide (as occurs in practice), a
very large time-splitting error will occur if standard operator-splitting methods are used with large time steps. We proposed a novel method minimising such errors [4]. For a typical benchmark example, see Figure 2 below.

Figure 2: Numerical results for the rotation of a decay chain with 3 radionuclides after one rotation cycle for the first
(left) component. The transport of the second and third components is slowed down due to (faster) sorption. The
computations were realised without a valid CFL condition (the Courant number C = 9). A corresponding movie is
available at http://cox.informatik.uni-heidelberg.de/~frolko.
Furthermore, to obtain very precise numerical solutions for the coupled system of transport equations with different
retardation factors, a novel algorithm with no time-splitting error was developed and implemented for r3t, [10, 6]. It is
based on a second-order explicit finite volume discretization scheme with the usual CFL restriction for the time steps.
For the case of a non-linear retardation factor due to sorption of Freundlich or Langmuir type, a new algorithm was developed to obtain very precise numerical solutions for one-dimensional problems with arbitrarily small diffusion [11].
Again, very large time steps that do not satisfy the CFL restriction can be used with this method. For an illustrative
example, see Figure 3 below.

Figure 3: Numerical solutions of ∂(u+u3/4)/∂t – ∂xu – d∂xxu = 0. for d = 10-2 , 10-3 , 10-4
at the same time (from left to right) compared to the exact solution for d = 0.
Finally, the finite volume discretization and the flux-based method of characteristics were extended for transport equations in non-divergence form. This extension is important not only for transport problems with a non-divergence-free velocity field [9, 2], but it is very promising for problems with moving interfaces depending on their geometrical properties [7, 8].
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A6.1, M3: Turbulence Simulations and Application to a Static Mixer
Sandra Nägele, Gabriel Wittum

To simulate incompressible turbulent flows, the properties of the underlying discretisation scheme of the governing
equations have to be investigated first. Each perturbation due to the discretisation leads to different results in turbulent
calculations, so that it is very difficult to track the reasons for a simulated flow phenomenon. Especially since we are
focusing on “Large-Eddy Simulation” (LES) as the turbulence model, where only the large resolved scales are present
and the small unresolved scales have to be modelled, the resolution of the large scales should be as accurate as
possible. The small scales are modelled by an eddy diffusivity model introduced by Germano or by a mixed model
developed by Zang et al. containing eddy diffusivity and, in the latter case, scale-similarity terms. Thus, the numerical
diffusivity introduced by the discretisation scheme should be very low and not perturb the model effects.
Our finite volume discretisation is based on a collocated arrangement of the unknown velocities and pressure. Due to
this arrangement, a stabilisation has to be used to prevent the so-called checkerboard behaviour of the pressure. The
basis of the stabilisation is to determine a special interpolation formula for the velocity in the mass equation in each
grid element. This interpolation also involves the pressure gradient by which an artificial diffusivity of the pressure is
introduced in the mass equation and the whole system is stabilised. Two different versions of this interpolation, named
FIELDS and FLOW, are investigated. Our aim is to minimise the mass error due to the stabilisation. We modified the
stabilisation to reduce the mass error, but the discretisation of the convection operator was also thoroughly studied
since it has a great influence on the results. To classify all the features and possibilities of the discretisation, many simulations of laminar flows were carried out (see [N] for the results).

Figure 1:
Mixing Layer:
dynamic model
(left),
mixed model
(right)

Mixing layer
After these laminar studies, turbulent calculations like the mixing layer problem were carried out to test the behaviour
of the stabilisation methods in the turbulent case as well. A similar discretisation already proved to work well for
statistical turbulence models in [HNRR] or [H]. Thus, we now aimed to check if it works for a Large Eddy Simulation as
well. To this end, the two above-mentioned turbulence models for the subgrid-scale terms were used. The results in
combination with the different stabilisations were compared. The initial perturbation of the solution starting the mixing
process was crucial for the flow problem, but the different turbulence models also lead to different behaviour of the
flow over time, as can be seen in the pictures above, showing the vorticity for the Germano model and the mixed
model at the same moment. In two dimensions, the mixing-layer problem contains interesting features as well; these
were studied in [NW] and more exhaustively in [N]. However, turbulence is a three-dimensional phenomenom; therefore, the two-dimensional studies were only made to check the realisation of the different models.

28

A6.1: Turbulence Simulations

Static mixer
Another interesting problem is a staticmixer simulation, where two or more fluids
are mixed only by the influence of
turbulence and the characteristics enforced
by internals in a pipe or similar geometries.
An example of such a simulation is shown
in the following pictures. The results
already display the complicated structures
which result in such flow problems,
although only one fluid was simulated as a
start. The picture of the streamlines gives

Static Mixer: resolved velocity u

Static Mixer: velocity fluctuation u'

Static Mixer: streamlines
an impression of the flow structure, but less
of the mixing effect. To achieve this, an
additional equation has to be added which
calculates a concentration distribution to be
able to characterize the mixing rate. If we
concentrate on the turbulence only and
compare the velocity-fluctuation plot with
the resolved velocity plot above, we can draw
some conclusions. First, the resolution
around the internals and the walls near or
behind the internals is not sufficient since
the fluctuations are quite high in these
regions. This means a lot of small scales have
to be modeled in those regions or the large
scales are not resolved sufficiently. In either
case, the resolution has to be increased to
improve the results. Second, this is a nice example of adaptive refinement, but the
refinement criteria have to be developed
first. This is one of the next steps in our investigations.
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A6.2: Low Mach-Number Flows and Aeroacoustics
Achim Gordner, Michael Metzner, Sebastién Paxion, Gabriel Wittum
Low Mach-number flows
Compressible low Mach-number flows are becoming important in technical applications where a variation in density or
transport at the speed of sound has a non-negligible impact on the physical behaviour. This is of interest for process
engineering in general and in particular for low Mach-number combustion. Classical numerical schemes, based on
characteristics, lead to increasing pressure inaccuracies when the Mach number M drops below 0.1.
An alternative approach is to start with an incompressible scheme and adapt it to compressible flow characteristics with
the help of asymptotic considerations taking the compressible equations into account. Therefore, the pressure is split
into parts of different magnitude. In the present case, the “Multiple Pressure Variable” (MPV) approach of Munz and
Klein is used, where the pressure is developed with an asymptotic expansion in the Mach number M and the
asymptotic considerations are performed on two different length scales
p = p0 + M p1+ M2 p2.
The stiffness of the resulting set of weakly compressible equations is reduced since, in the momentum equation, only
pressure terms of the order M2 are considered. The leading pressure term is regarded as thermodynamic background
pressure only varying in time. A finite volume discretisation technique is used on vertex-centred domain triangulations,
which makes a special stabilisation technique necessary, not only for the limit M to 0, but also for low Mach numbers,
where pressure coupling in the energy equation becomes weak. The accuracy of the upwind scheme is increased using
a “Physical Advection Correction” (PAC) upwinding procedure for the density and velocity unknowns. In addition, this
upwind scheme also attained good approximation properties for supersonic flows, when large gradients at shocks have
to be reproduced accurately. The implicit time discretisation makes an efficient iterative solver necessary. Here, BiCGstab with a multigrid procedure as the preconditioner demonstrates good properties with respect to robustness and
convergence rates.
Figure 1: Mach number isolines of
a channel flow with a 10% bump at
M=10-6.

Furthermore, the weakly compressible flow equations have been coupled with the combustion software package and
2D and 3D computations of laminar-diffusion flames with detailed Chemistry have been carried out.
Aeroacoustics
Aeroacoustic simulations for subsonic flows are becoming more and more important in the car industry as well as in
aeronautical applications, where noise tends to lower public acceptance. Most aeroacoustic simulations are based on
decoupling the acoustic pressure field and the fluid flow field, whereas the present direct procedure is based on fully
compressible equations. For low Mach numbers, the wavelengths of the pressure fluctuations are longer than those of
the velocity fluctuations causing them. Hence, the underlying computational grid can be coarser in the far field without
loss of accuracy.
Hence, unstructured grids are used to solve the fully coupled compressible equations of the direct aeroacoustic approach, reducing the computational effort in the far field considerably for low Mach number simulations.
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The picture shows the pressure field behind a trailing edge with a finite
thickness at Mach number M = 0.2. The wavelength of the emitted trailing-edge-thickness noise is five times larger than the wave length of the
vortex street behind the edge.
Ordinary Dirichlet or Neumann boundary conditions tend to reflect the
acoustic modes rather than let them flow out of the computational
domain. Weak reflecting boundary conditions have been developed on
the basis of characteristics where the Dirichlet values on the boundaries
are understood as averaged values over time. The degree of reflection
can be chosen freely between full and almost no reflection.
To reduce dispersion effects, the accuracy of the underlying
discretisation scheme is important. The analysis of a second-order diagonally implicit Runge-Kutta procedure (DIRK) shows good approximation
properties. Almost no dispersion is generated, since the real and
imaginary parts of the discretised angular frequency times the timestep
hardly differ from the physical ones for values lower than π/3. As long as
7 time points per period T are used, diffusion might be negligible.
Explicit time schemes demand a fourth or even higher order for the
same accuracy. Furthermore, the implicit DIRK scheme produces no
unphysical solutions as explicit schemes tend to.

Pressure field of trailing-edgethickness noise at M = 0.2

The resulting algebraic system of equations is solved efficiently
with a multigrid procedure. However, for low Mach numbers, a
multiscale coupled system arises, where small errors in one variable generate first order errors in the corresponding coupled
variable. Hence, in the multigrid process, one has to take
special care about the grid-transfer errors to obtain Mach-number-independent approximation properties and robust convergence.
References
S. Paxion, R. Baron, A. Gordner, N. Neuss, P. Bastian, D. Thevenin und G. Wittum: Development of a parallel
unstructured multigrid solver for laminar flame simulations with detailed chemistry and transport. In E.H.
Hirschel (Editor) Numerical Flow Simulations II. Notes on Numerical Fluid Mechanics, Vol. 75.,181-198, Springer
Verlag, 2001.
S. Paxion, D. Thevenin, A. Gordner, R. Baron und P. Bastian: Detailed computations of laminar reactive flows using
multigrid methods on parallel computers. First International Conference on Computational Fluid Dynamics.
Kyoto 2000.
M. Metzner: Mehrgitterverfahren für die kompressiblen Euler- und Navier-Stokes Gleichungen mit besonderer
Betrachtung des schwach kompressiblen Falles. Dissertation, Universtät Heidelberg, 2003.
M. Metzner, G. Wittum: Computing low Mach-number flow by parallel adative multigrid. Comput. Vis. Sci. 2005.
Gordner, A., Wittum, G.: Low Machnumber Aeroacoustics --- A direct one-grid approach, Journal of Numerical Mathematics, 2006 to appear.
A. Gordner: Mehrgitterverfahren für aeroakustische Strömungen kleiner Machzahlen. Dissertation, Mathematik , Universität Heidelberg, 2005.

A7.1: Computational Electromagnetism

31

A7: Computational Electromagnetism
A7.1: The Low Frequency Case
O. Sterz, A. Hauser and G. Wittum

An important class of electromagnetic problems comprises low-frequency applications where the magnetic energy
dominates the electric energy. Examples are devices from power engineering like motors, generators, transformers and
switch gears as well as medical hyperthermia applications in cancer therapy. Here, the eddy-current approximation of
the full Maxwell equations can be used to describe the electromagnetic fields. The governing equations read

where E and H are the electric and the magnetic field respectively; JG is an excitation current density, σ denotes the
conductivity and µ the permeability.
The eddy-current model is transformed into a variational formulation with the electric field as an unknown variable. For
the computation of real-world problems, the adaptive finite element software EMUG (electromagnetics on
unstructured grids) has been developed, based on the simulation toolbox ⋲. The discretization is carried out by socalled edge elements (Whitney-1-forms) as the most natural choice. In particular, edge elements have the advantage
that discrete potentials are computationally available.
To solve the linear systems of equations with up to two million unknowns on a single-processor machine, a fast method
is essential. Multigrid methods are applied since they offer optimal complexity. The smoothing in the multigrid cycles
needs special treatment and is based on a Helmholtz decomposition, see [1]. To ensure the optimal complexity even
for locally adapted grids, the smoothing is restricted to the refined region (local multigrid). In the case of nonconductive sub-domains, the stiffness matrix becomes singular. An approximate projection procedure is applied to
prevent cancellation errors caused by increasing kernel components of the solution, see [2].

Fig. 1: Coarse triangulation of the TEAM benchmark problem 7, the air-region triangulation is not displayed. The problem consists of an excitation coil that induces eddy currents in the aluminium plate below (left). Induced current
distribution in the middle of the aluminium plate (right).
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Fig. 2: Magnitude of the magnetic field in a gas-insulated switch gear along different cutting planes.
The software EMUG has been successfully employed for benchmark problems (see Fig.1) as well as realistic
applications (see Fig. 2). A parallel prototype of the electromagnetic simulation tool is currently being developed.
From the known fields and currents, force densities and Ohmic losses can easily be computed. The Ohmic losses give
rise to heat generation in the conductors. In order to compute the temperatures in general cooling, effects of fluid
flow, diffusion and radiation must be considered. This will lead to coupled problems of electromagnetics and heat
transfer (multiphysics) since the conductivity depends on the temperature.
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A7.2, M7, T7: Heat Transfer
Andreas Hauser, Oliver Sterz, Gabriel Wittum
The physical model and its mathematical formulation
The phenomenon of heat transfer is described by the action of diffusion, convection and radiation. The universally valid
energy equation simplifies to the Boussinesq approximation if small differences in temperature are presumed that allow
a linear dependence of the density on the temperature. In addition, on the assumption of non-participating fluid media
as well as grey and diffusive boundary surfaces, the radiative heat transfer can be described by non-linear boundary conditions, with the Stefan-Boltzmann Law. The system of non-linear, partial differential equations can then be written as:

,

with velocity u, pressure p, temperature T, time t, density ®, dynamic viscosity µ, thermal expansion ©, surrounding
temperature Tinf, heat capacity cp, heat conduction ¬, gravity g, Dirichlet boundary conditions
u = f(sk,t) on Γu0; T = g (sk,t ) on ΓT (sk discrete boundary)
and the (non-linear) inhomogeneous Neumann boundary conditions
-λ n * grad T = n*q = q c + q r on Γc and Γr.
The radiative flux is treated by the “Net Radiation Method”, [1].
qr = hr (sk,t )(T – Tinf) – εσ˙T 4
is determined by the radiative transfer coefficient
hr = εσ ( T + Tinf )( T 2 + Tinf2)
with temperature ˙T averaged over all radiating surfaces. The averaging represents a simplified assumption of homogeneous reflection and absorption. The convective flux
qc = hc(sk,t )(T —T inf)
applies the convective heat transfer coefficient h c that mainly depends on the material.
Discretization and solution of algebraic systems
The computations are all performed within the software framework ⋲, adapted to the problem class of heat transfer.
The system of partial differential equations is discretized in space by a linear, vertex-cantered finite volume method. The
diffusive and convective terms are second-order accurate, whereas a diagonal implicit Runge-Kutta method enures
fourth order accuracy in time. The non-linear convective terms are treated with a quasi-Newton method aiming at linear
convergence, the non-linearities in the radiative fluxes are solved in a Picard iteration. The linear system is solved by a
BiCG-Stab solver preconditioned by geometric multigrid. The system to be solved then reads
M ẋ + A x = b + F T
with the mass matrix M , the solution vector x and its time derivative, the stiffness matrix A , the right-hand side b and
the averaging operator F .
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Heat transfer in a gas-insulated switching gear
As a large-scale application [2], the temperature distribution of a gas-insulated switch gear is computed. The heat
energy, generated in the conductors (copper) by Ohmic losses that are determined in an electromagnetic computation,
is diffused to the conductor’s surface. From here, the energy is emitted (flux is proportional to the actual temperature),
reflected and absorbed (fluxes are proportional to the average temperature) globally to and from all radiating surfaces.
Natural convection and diffusion (local transport phenomena) transport the remaining energy into the gaseous
domain. On the body’s surface, the energy is finally radiated, diffused and convected into the environment. The pictures show (from left to right) the heat sources, the vertical velocity component, the pressure and finally the temperature fields.

Figure 1:Simulation of coupled heat transfer and electromagnetics for a highperformance switching gear. The figure shows the heat sources, vertical velocity component, pressure and temperature (from top left to bottom right).

The number of unknowns is about half a million on a single processor. A parallel computation with far more unknowns
is about to be realised.
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A10, M9, T8: 3D Visualisation of Heidelberg Castle in 1680

Babett Lemke, Matthias Kleiser, Michael Lampe, Arne Nägel, Gabriel Wittum
in co-operation with Matthias Untermann, History of Art Heidelberg University, Andreas Reuter, EML, Heidelberg.
The goal of the project is to create a virtual scene movie, in which the camera flies through the Castle of Heidelberg, as
it was in the late 17th century. Around the year 1680, the castle‘s architectural value and its upgrading state reached its
historical peak, while today most of the buildings are either ruined or even have disappeared completely. So these buildings first have to be completed using all the accessible information such as old engravings, paintings, construction
plans and reconstructions already conducted.
The scene itself is then built as a wireframe model using CAD-modelling software, allowing three-dimensional visualisation of any kind of objects as well as generating photorealistic scenes and animations in high quality. The individual
buildings and the area surrounding Heidelberg Castle are composed from basic objects and graphic primitives using
the modelling functions of the CAD software.

Figure 1: Ökonomiegebäude and Brunnenhalle today

Figure 2: CAD-model of Ökonomiegebäude and Brunnenhalle
To get a realistic view of the scene, the surfaces are finished with materials and textures, obtained from corresponding
digital photos or existing libraries. The textures used in our model are restricted to simple material structures, while all
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relevant architectural contours, especially the visible structures near the camera's flight path, are modelled in greater
detail. The lighting conditions and surface effects of the different materials also have to be prepared.

Figure 3: Schloßterrasse with textures and light (EML).
The flight through the scenery of Heidelberg Castle is then realised in a sequence of single images, defined by position,
view direction and zoom factor of the camera, all separately rendered and combined to a movie scene. In order to give
an impression of smooth motion, 25 frames per second are necessary. This, together with realistic light effects, requires
great computational power. We chose ray tracing as the rendering technique. This technique will be performed by
POVRAY, an open-source software, which we extended for the purpose of internet computing. The software will run
also on parallel computers like Macintosh clusters.
The rendering task is to be organised within the framework of a school competition, where packages of single scenes
are provided for work via internet. Participants download, render and then send back the images to a collecting and
controlling server station. Its software and the web interface has also been developed at SiT in close co-operation with
the Institute for Theoretical Astrophysics at the University of Tübingen. The pictures separately rendered are finally put
together as a movie sequence, a virtual flight through Heidelberg Castle in the year 1680. This project has no financial
support, it is run by students on a voluntary basis.
Ths visualization methods developed here will be applied also to other objects like the visualization of neural cells processed by NeuRA (see A2).
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M1: Fast Solvers for Large Systems of Equations:
Algebraic Multi-Grid (AMG) and Filtering
Ingo Heppner, Arne Nägel, Christian Wagner, Christian Wrobel, Gabriel Wittum
Introduction
The aim of this project is to develop of methods for the efficient computation of approximate inverses or preconditioners for large systems of linear algebraic equations
(1)

A u = f,

with a sparse system matrix A and vectors of variables (unknowns) u and right-hand side f (A ˝ R n*n, u , f ˝ R n) not
necessarily arising from the discretization of second-order elliptic partial differential equations (PDEs) on a grid G resolving the domain „ („ ˝ R d, d ˝ {1, 2, 3}).
The basic idea behind all multi-grid methods is to use corrections computed on a coarser grid (coarse-grid corrections)
with a corresponding smaller system of linear equations whenever an explicit iteration method (smoother) is unable to
relax the error efficiently in order to accelerate convergence for a given fine-grid problem. This idea can be applied recursively on a sequence (hierarchy) of coarser and coarser grids, where each grid level is responsible for eliminating a
particular frequency bandwidth of errors. To apply the method, one needs, in addition to the hierarchy of grids, smoother (maybe level dependent), coarse-grid analogues of (1) (i.e. coarse-grid operators) and intergrid transfer (interpolation) operators to transfer residuals and corrections between the levels.
For the efficiency of standard multi-grid, a “smoothed error” (i.e. an error that can no longer be efficiently reduced by
the smoother) has to be smooth in a geometrical sense. Otherwise, linear interpolation, and therefore the coarse-grid
correction, does not work well enough, which is in general not true: A closer look (e.g. at anisotropic problems) shows
that a “smoothed error” can in general only be regarded as algebraically smooth (in the sense that it is the result of an
algebraic smoothing operation) and is not eliminated any more if the coarse-grid correction fails. In addition, for a solver for an algebraic set of equations, one would appreciate a solver that does not need such a geometric auxiliary construction as a hierarchy of grids.
In order to apply the multi-grid idea to more general problem classes, algebraic multi-grid (AMG) is an attempt to abstract or generalise the multi-grid ingredients “grid”, “linear interpolation” and “smoothness” (better denoted as “slowness-to-converge”), which are by nature spatial or geometrical, to algebraic concepts: The term “grid” is replaced by
“the graph of the system matrix”, and the concepts of “linear interpolation” and “smoothness” are generalised in an algebraic sense (“algebraised”).”). From this point of view, it may be better to speak of algebraic multi-graph methods.
The emphasis in AMG is on automatic coarsening and adaptation to the problem to be solved (optimally, to get a blackbox solver). Algebraic multi-grid methods consist of a set-up phase, in which the coarse graphs, the intergrid transfer
operators and the coarse-grid operators are constructed in a (more or less) purely algebraic manner. Especially the
coarse-level operators A H are constructed by the Galerkin approach
(2)

AH = r Ah p,

where A h denotes the next finer system matrix, and r and p denote the restriction or prolongation operators.
After the set-up phase, standard multi-grid algorithms with the operators constructed above can be applied in the usual
way to get the approximate inverse of (1). All algorithms introduced in the following are based on the software toolbox
UG ("Unstructured Grids", see [UG Toolbox 1997]).
2 Automatic Coarsening (AC)
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In many scientific and engineering applications, the physical objects under consideration have extremely complicated
shapes containing a huge number of geometrical details on different length scales. AC ([Feuchter Heppner Sauter Wittum 2003]) is a multi-grid solver for the discretization of partial differential equations on such complicated domains. As
input, the algorithm requires only the given discretization instead of a hierarchy of discretisations on coarser grids. In a
set-up phase, these geometrically nested coarse auxiliary grids are generated in a black-box fashion trying to imitate the
structure of the given grid, i.e. its “element density”, and are used to define purely algebraic intergrid transfer and
coarse-grid operators. This accommodation process results in a stack of auxiliary grids Gi ¸ „, i = 0, . . . , l max.
In this sense, this approach has some similarity to AMG: for a given fine grid, a hierarchy of coarser grids is created. On
the other hand, this is not in the spirit of algebraic multi-level approaches since the coarsening process does not move
from the given fine grid towards coarser and coarser grids but an adaptation process moves from a very coarse grid towards the given fine grid. Also, as opposed to AMG, there is no matrix dependence, neither of coarse grid selection nor
of building the intergrid transfer and coarse grid operators. This approach should rather be called “semi-algebraic”.
Since a naive implementation of the accommodation process would require a lot of search operations with complexity
O (N 2) (N being the number of elements in the given grid), we utilise a quadtree data structure for a far better complexity of O (j ) (j being the number of levels), accelerating the set-up phase significantly.
3 Schur-complement multi-grid (SchurMG)
The Schur-complement multi-grid method was constructed as a robust multi-grid method for the interface problem arising from the discretization of the convection-diffusion equation with strongly discontinuous coefficients in groundwater flow (see [Wagner et al. 1997]). It is based on an idea by Reusken (see e.g. [Reusken 1994]). These and the coarse
grid operators are matrix dependent, but the coarse-grid selection is not (as in AC), so that this method is also "semi-algebraic". The coarse-grid selection (partitioning) of the fine grid and the reordering of the vector of unknowns u (and
also of the vector f) so that all variables belonging to fine-grid points and all variables belonging to coarse-grid points
are blocked and consecutive induce a 2 * 2 block structure of the system matrix A. Block factorisation then leads to inverses of the fine-fine block and the Schur complement which would give the solution in one step. Since neither matrix
is sparse nor easy to invert, one has to approximate the system matrix (lumping) to get a recursively applicable method.
One can show that the Schur complement of the modified system matrix corresponds to the Galerkin approach with
appropriate intergrid transfer operators.
4 Standard AMG
The set-up phase of the classical AMG method, in the following called RSAMG, as introduced in the fundamental paper
[Ruge and Stüben 1987], is based on the concept of “strong coupling” and the notion of “slow-to-converge” error which
guide the automatic coarsening process and the construction of appropriate intergrid transfer operators to ensure that
each fine variable is well interpolated from a (small) subset of coarse variables. Coarse-grid equations are constructed
by the Galerkin approach.
Here, a variable vi is said to be “strongly connected to” another variable vj from its neighbourhood if for a fixed parameter √(0 < √ ≤ 1):
(3)

|aij| ≥ √ maxl≠i (|ail|).

The aim of the coarsening process is that each fine variable has at least one strong coupling to a coarse variable to get
good interpolation and that there is, as far as possible, no pair of coarse variables that are strongly connected to each
other (maximal independent set) to limit the size of the coarse grid and thus the work which has to be done on it. The
interpolation weights are then determined via the solution of the residual equation for an error variable.
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Figure 1: RSAMG coarsening of an originally uniform grid for a diffusion problem with
checkerboard heterogeneity. The interfaces are clearly visible on the coarse grid (left).
5 Filtering and the Filtering Algebraic Multigrid (FAMG)
Filtering is another technique for solving linear systems A x =b . It is based on the filtering property: Find an approximate inverse M , such that:
M t = A t , t ˝ T with a “testing space” T ,
yielding a linear iteration of the type
x new = x old – M –1(A x old – b ).
Depending on T , the resulting method can be tailored to be a smoother or a corrector as described in [Wittum92]. It is
possible to derive the filtering space T adaptively during the iteration by Adaptive Filtering, see [Wagner, Wittum 1997].
The efficiency of the filtering approach was demonstrated in these papers. However, only so-called filtering decompositions were available to construct filters. These are based on block incomplete decompositions and thus are limited to
structured grids only. We continued this development with the two-frequency decompositions [BuzdinWittum00],
[Logaschenko03] and [Logaschenko04].
To generalise this method to unstructured grids, Wagner developed Filtering Algebraic Multigrid (FAMG), [Wagner99,
Wagner00]. This method uses a filtering property for the construction of the grid transfers in the AMG method. Furthermore, the construction of the coarse-grid correction takes the smoother into account, thus granting a coarse-grid correction optimised w.r.t the smoother. The method has been used to compute a strategy of bioremediation of an aquifer
and in several other applications. It has been parallelized by Wrobel, yielding a robust and at the same time efficient
overall solver, [Wrobel 2001]. Currently, FAMG is generalised for systems of pde. FAMG is one of the most advanced
AMG solvers available.
6 AMG for systems of equations
The methods so far were developed to solve the equations originating from the discretization of one (scalar) PDE. In
order to handle algebraic equations arising from the discretization of systems of PDEs as well, the multi-grid methods
SchurMG and RSAMG are extended.
There are two possible ways of doing this:
1. Take the system matrix A in its “natural order”, which means “equation-wise blocking”, and define coarse-grid sets
and interpolation separately for each of the unknown functions. This is the so-called “unknown” approach. In general,
this may lead to more than one grid hierarchy (with accompanying algorithmic and computer resource problems).
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2. Collect all variables defined on the same set of grid points (which assumes a non-staggered original fine grid) and apply the algorithm in a “blockwise” fashion, where the block of all variables corresponding to the same grid point is relaxed, coarsened and interpolated together. This is the “point-block” approach.
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M2: Multiscale Numerics and Homogenization
Nicolas Neuß, Gabriel Wittum

Most laws in the natural sciences are correct only up to error terms which depend on certain parameters and which are
small only for a certain parameter range. Furthermore, many of these laws describe dependences between macroscopic
quantities which arise by averaging microscopic quantities. In this case, it is often possible to compute the parameters
of the macroscopic laws from the physics of the micro problems and to quantify the error of the macroscopic law with
respect to the microscopic law. This process is called “homogenisation”.
In the case of media with periodic heterogeneities (this case occurs rather frequently for industrially produced composites), there are explicit rules how for computing the parameters of the macroscopic law. Essentially, the technique is to
solve a representative problem on a small reference cell. In contrast, for stochastic problems, it is necessary to compute
on large reference domains containing many correlation lengths.
In recent years, we have studied the efficient calculation of such effective parameters with the finite element method in
many situations both from a theoretical and from a practical side. We have obtained the following results:
•

We could show the validity of a boundary law of Robin type in the case of the diffusion equation defined on a domain with rapidly oscillating boundaries, see [Neuss2002b], [Neuss2003c].

•

We computed a boundary law for Navier-Stokes flow over a porous bed numerically, and verified that, in the general case, a jump of the pressure has to be prescribed at the interface between porous medium and free flow.
This effect is in contrast to the interface conditions posed in previous work and may even have important applications in practice. The convergence of the numerical scheme was also rigorously established, see [JMN2001].

•

For a good approximation of domains with curved boundaries, it is often necessary to use finite elements with
non-linear cell transformations. In [NW2002], we presented a formulation of multigrid theory which covers both
non-conforming finite element methods and curved boundaries.

•

If the solution of the cell problem is smooth, it is advisable to use finite elements of high order p. In this case,
simple smoothers like Jacobi or Gauss-Seidel do not lead to a p-independent convergence of the multigrid algorithm. In [Neuss2003c], we have constructed such p-robust smoothers and proved their robust convergence in
the case of diffusion equations or systems of linear elasticity. The picture below shows the results of a calculation
of an effective elasticity tensor of a material with periodically distributed stiff inlays.

•

In the case of diffusion problems with periodic heterogeneities, we have theoretically and practically shown a
strong two-grid approximation property for a certain operator-dependent prolongation, see [NJW2001]. This allows us to prove the convergence of a special algebraic multigrid algorithm robustly with respect to jumps in the
coefficient.

•

In the case of stochastically distributed coefficients, this was generalized in [AEN2002], using the method of coarse-graining. The result is a heuristic method which appears to work well in many geophysical interesting cases.

•

Practically, we have implemented most of these algorithms in the parallel PDE solver UG, which combines adaptive finite elements and multigrid inside a parallel environment, see [BBJLNRW1997]. Recently, we have also studied possible improvements, using the highly dynamic programming language Common Lisp, see [Neuss2003a].
This allows us to extend the environment at runtime easily in arbitrary directions, see [Neuss2003b], which is
not possible in a conventional framework, see [Neuss2002a].
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M4: Parameter Estimation for Bingham Fluids and Optimal Geometrical Design
of Measurement Devices
Dimitrij Logaschenko, Bernd Maar, Volker Schulz, Gabriel Wittum

As early as 1996, we issued the first multigrid method for solving a full pde optimisation problem. We applied this methods to several problems such as the parameter estimation and inverse modelling of groundwater flow, [20], topology
optimisation, [34], and optimal geometry and experiment design. In the following, we present an example of the latter
topic.
In a joint effort with Braun GmbH (Friedrichshafen, Germany), we have developed a model-based measurement technique which allows the simultaneous determination of all model parameters of certain Bingham flow models, for example for ceramic pastes. Pastes are used, for example in the production of bricks or bodies of catalytic converters. Usually, they are extruded, where the quality of the extrusion product depends on the velocity distribution of the flow
within the extrusion device. Recently, substantial progress has been achieved in the development of numerical simulation techniques for paste extrusion based on Bingham models. However, in practice, these numerical techniques can
only be used if certain parameters of the underlying flow model are known. These parameter values cannot be accessed
by direct measurements, but are usually determined in a process involving a rather high empirical effort and using analytical approximation approaches. The efforts show that numerical methods can be set up for the estimation of the model parameters from measurements of normal stresses, which need only twice as much computing time as a pure flow
simulation. Furthermore, all interesting parameters are estimated simultaneously and automatically.
At every measurement, the fluid is pressed through the measurement device shown in Fig. 1. The normal stress is
measured at several points on the upper wall. Then, the flow model of this fluid, i.e. the Bingham equations, is discretized and the normal stresses at the measurement points are expressed in terms of the discrete solution and the fluid parameters. The comparison of these analytic stresses and the measured ones gives rise to a least square problem with
non-linear constraints. For the estimation of the parameters, this problem is solved using a reduced SQP method.

Figure 1: Schematic draft and photo of measurement device.
However, the statistical reliability of this approach is rather low for this measurement device. We carried out the shape
optimisation of the device, resulting in the geometry shown in Fig. 2. The confidence intervals of measurements are
then substantially focused, as presented in Table 1.
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Figure 2: The optimised measurement device
Parameter
Bingham viscosity [bar s]
yield stress [bar]
sliding factor [bar s / m]
sliding limit [bar]

Value
0.302
3.03
0.497
0.180

The simple device
±26.3
±38.5
±46.2
±1.5

The optimized device
±0.00421
±0.0520
±0.0640
±0.0819

Table 1: Confidence intervals of the parameters
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M7, M9, T7: Geometry Modelling and Grid Generation
Dirk Feuchter, Alexander Fuchs, Andreas Hauser, Gabriel Wittum
Many physical processesoccur in rather complex domains. In order to simulate
phenomena with practical relevance, mapping these domains onto a computational domain and triangulating them can only be carried out with powerful and
specialised tools. Two approaches have been realised for modelling and discretizing complex geometries that are incorporated in the simulation framework
⋲. First, a rather general way of utilising arbitrary CAD geometries is presented, while the second approach is adopted for highly anisotropic domains
occurring in simulating groundwater flow or transdermal diffusion of xenobiotics into the epidermis.
CAD Geometries
In many industrial applications, the starting point for a numerical simulation is
the modelling and discretization of CAD geometries. To model complex geometries, the 3D-modeller ProE is applied. This also enables the import of neutral files via IGES and STEP interfaces which in turn allows geometries generated by other software on different platforms to be considered. Then, a very
fine surface mesh is generated in ProE that now acts as the new approximated
domain, which is either imported into ⋲ or into the powerful mesh generator
ICEMCFD. This grid generator tool is able to triangulate complex geometries,
resulting in a volume mesh with far more than 10 million elements that is finally
imported into ⋲ via a linear domain interface. The data transfer between the
several tools is realised by Perl converters and depicted in the figure on the lefthand side.
Three examples of real-world geometries are presented in the pictures below.
Electromagnetics and heat transfer are simulated using these geometries. The
first figure gives insight into a module of a static mixer. The picture in between
represents part of an electrical device with lamellae for cooling, while the last
figure shows a gas-isolated switch gear. The number of volume elements varies
from 5,000 to 100,000 elements on the coarse grid and from 200,000 up to and
more than 64 million on the finest grid that approximates the very fine surface
mesh sufficiently and thus the original geometry.

Figure 1 (above): Path from CADtool (ProE) to ⋲.
Figure 2a (right): Medium voltage
switch (ABB),
Figure 3 (outer right): Gas-insulated
switching gear: full configuration.
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Geometry and grid generation for anisotropically layered domains
Solving partial differential equations in geoscientific applications (e.g. density-driven flow) or in pharmaceutical applications (e.g. transdermal diffusion of xenobiotics into the epidermis (stratum corneum)) implies a complex preprocessing for geometry modelling and grid generation. Geoscientific domains are often assemblies of layers with a dimension
of many kilometres in the horizontal direction, but a dimension of only some meters in the vertical direction. This
yields the typical strong anisotropy. Further geological characteristics possibly occur: layers crop out, sometimes contain lenses or fractures, display overhangs (e.g. salt domes) or faults. Layered domains of cells such as the stratum corneum consist of many corneocytes which are approx. 30 µm wide and 1 µm in height and are surrounded by a homogeneous lipid layer of 0.1 µm. Simulations of such anisotropically layered domains require grids with suitable sizes and
shapes of the elements. We develop methods for geometry and grid generation using the file formats “lgm” and “ng”
used in our numerical simulation system ⋲ to describe complex geometries and grids. First, with vertical lines and a
protrusion technique, LD_Modeller2.5D creates geometries and grids consisting of triangles, quadrilaterals in 2D and
prisms and hexahedra in 3D, suitable for a certain kind of geoscientific “L”ayered “D”omain.

Figure 4: The WIPP domain, a typical highly anisotropic domain from hydrogeology.
In a second approach, we model more complicated layered domains, using the gridding methods of surfer or any data
interpolation software which is able to describe a separating surface between two layers based on geological input data
(e.g. borehole data). With a thickness approach, LD_Modeller3D can include domains with geological characteristics
(as above), leading to a consistent assembly of all layers available to the 3D simulation process with ⋲. In a second
step, the grid generator of LD_Modeller3D creates hybrid meshes consisting of pyramids, tetrahedra, prisms and mainly hexahedra. Using vertical lines during the grid generation leads to good element angles.

Figure 5: A 3d grid of Norderney, an
East-Frisian island in the North Sea.
The grid consisting of hexahedra,
prisms, pyramids and tetrahedra is
generated by Ld_Modeller3d and follows the geometry.

In case of anisotropically layered domains such as the epidermis, Cuboid_Modeller describes each corneocyte as a cuboid. The corneocytes and the lipid layers are both meshed uniquely with hexahedra. In a second approach, we use nested tetrakaidekahedra, describing a corneocyte in the lipid layer. Tetrakaidekahedra are suitable because they overlap,
and it is possible to create a dense packing of 100%. Tkd_Modeller creates a geometry file in the lgm-format and a hybrid grid consisting of hexahedra, prisms, pyramids and tetrahedra in the ng-format.
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Figure 6: Geometry and grid of two different 3D models for human stratum corneum.
On the left the corneocytes are modelled by cuboids, on the right by tetrakaidekhedra.
Additionally, we developed the grid generator ARTE, based on ART (Almost Regular Tetrahedra). ARTE keeps to interior faces and is able to expand prescribed internal faces to thin layers and to generate prisms for anisotropic layers. Special algorithms are developed for treating intersecting faces.

Figure 7: Thin layer grids generated by ARTE. From left to right: Grid of the Norderney domain. The next three images
show the expansion of intersecting interior faces to thin layers with special treatment of layer intersections.
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T9: ⋲'s Parallel Visualization Subsystem
Michael Lampe, Stefan Lang, Gabriel Wittum
The traditional approach to visualisation is to save simulation data on a file system attached to the machine the simulation is running on. Later, these data are transferred to the user's workstation (or a specialised graphics computer) and
visualised there using standard programs like AVS[1], DataExplorer[2], or Grape[3]. While ⋲ has interfaces to all these programs, this procedure has become impractical or even unfeasible in recent years. For example, take a current
middle-class supercomputer with 512 PEs, each equipped with 1 GB of RAM and a simulation with 1000 time steps. If all
the available memory is used and about 10% (a typical percentage if UG uses its best output format) has to be written
per time step, this accumulates to 50 TB of raw data. This not only exceeds the usual storage capacities even on supercomputers but will also take 41/2 days to transfer over a 1 Gbit/s line – not to mention the fact that a workstation will
not be able to handle it anyway.
The first step to overcoming these problems is not to save simulation data to disk but to visualise it immediately on the
supercomputer as it is produced. The second step is to employ the supercomputer's parallel capabilities for visualisation. Fig. 1 shows the standard visualisation pipeline with its three steps: Filtering (extracting some interesting feature,
e.g. an isosurface through one field of the data), mapping (mapping the extract to something that can be rendered, e.g.
mapping colours onto the isosurface from a second field of the data), and rendering (producing the final image that
can be displayed). Depending onthe stage in the visualisation pipeline at which the parallel computer is left, there are
four possible approaches, c.f. Fig. 1:

Figure 1: The visualisation pipeline.
(a) No parallelism employed. Degenerates to traditional postprocessing.
(b) Parallel filtering. Should definitely be done because this step may need to access the whole solution domain. Usually, filtering leads to a reduction of dimension (e.g. 3D solution domain vs. 2D isosurface) and therefore to a significant
reduction in size, so that the following steps can be accomplished on any decent workstation [4].
Counter-arguments are: first, partial extracts have to be collected from all PEs, which involves considerable communication for large numbers of PEs. Second, the fundamental argument of reduction of dimension can become questionable
for unstructured grids. For example, take the two-phase flow depicted in Fig. 2. The picture on the left shows how the
phase interface is resolved with adaptive refinement, while that on the right shows some concentration isolines. The
dark blue isoline also marks the phase interface. Ideally, the refinement process concentrates on the resolution of the
(one-dimensional!) phase interface and therefore precludes the reduction of dimension. The extract for the dark blue
isoline cannot lead to a further reduction of dimension.
(c) Parallel mapping. Mapping is a rather trivial step. So this method shares most properties with method (b).
(d) Parallel rendering. The reasoning in (b) has shown that it makes sense to execute the complete visualisation pipeline including rendering in parallel. Consequently, this is the approach realised in UG. The idea is as follows: exploiting
data parallelism, every PE independently generates an image from its part of the solution domain in a local memory buffer. The hidden-surface problem is solved with the z-buffer algorithm. In a final step, all partial images are composed
into one via z-co-ordinates.. The full image can then be written to disk or directly displayed via an X server.
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Figure 2: Adaptively refined marching front (from [5])
This last step is a reduction operation that can be done quite fast, even for a large number of PEs (in O(log n), n number of PEs, see Fig. 3). The amount of data to be transferred is only dependent on the size of the image, not on the size
of the computational domain.

Figure 3: Sketch of UG's “sort last” rendering algorithm
Fig. 4 shows an example of a visualisation created with UG's visualisation subsystem. An elasto-plastic simulation of a
gear [6] is run on a machine with 128 PEs each using about 700 MB RAM. One time step takes about 10 minutes, the
visualisation takes only about 2 sec.

Figure 4: Parallel visualisation of an elasto-plastic simulation
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